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Notation 
:3 cost or the value of the objective function 

:3 average cost 
D problem dimension 
NP population size 
P population of X-vectors 
G generation number 
Gmax maximum generation number 
X vector composed of D parameters 
V trial vector composed of D parameters 
CR crossover factor 
F scaling factor (0 < F s:; 1.2) 
(U) upper bound 
(L) lower bound 
u, v trial vectors 

xi~} vector with minimum cost in generation G 

xiGJ ith vector in generation G 

x,~~J, x~~J randomly selected vector 

zi intermediate integer number equivalence of a floating point (not rounded off) 
* 

zi integer number equivalence of a floating point 

zi floating point equivalence of an integer number 

LC, flowtime 

L cmax makespan 

L random integer (0 < L < D - 1) 
f scaling factor 
A integer 
i,j,m,n 
a,~ 
y 

integers 
parameters 
greediness scaling factor (0 < y < 1.2) 

Introduction 

In general, when discussing non-linear programming, the variables of the object function 
are usually assumed to be continuous." However, in practical real-life engineering 

. applications it is . common to . have the problem variables under consideration being 
discrete or integer values. Real-life, practical engineering optimization problems are 
commonly integer or discrete because the available values are limited to a set of 
commercially available standard sizes. For example, the number of automated guided 
vehicles, the number of unit loads, the number of storage units in a warehouse operation 
are integer variables, while the size of a pallet, the size of billet for machining operation, 
etc., are often limited to a set of commercially available standard sizes. 
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It is clear that a large percentage of engineering optimization problems fall into the 
category of mixed integer-discrete-continuous, non-linear programming problems. 
However, the most frequently discussed methods in the literature are for solving 
continuous problems. Generally, continuous problems are considered to be easier to solve 
than discrete ones, suggesting that the presence of any non-continuous variables 
considerably increase the difficulty of finding a solution. In practice, problems containing 
integer or discrete variables are usually solved as though they were continuous problems, 
with the nearest available discrete values then being selected. In most such cases, this 
technique produces a result that is often quite far from optimal. The reason for using this 
approach is based on an appreciation of commonly used current methods. It is still 
commonly believed that there are no efficient, effective, robust and easy to use non-linear 
programming methods currently available that are capable of handling mixed variables . 

Another source of difficulties encountered in practical engineering optimization involves 
constraint handling. Practical, real-world limitations frequently impose multiple, non
linear and non-trivial constraints on an engineering problem being optimized. Constraints 
can limit the feasible solutions to only a small subset of the solution space. 

In response to these demands of practical engineering optimization, a novel approach for 
solving mixed integer-discrete-continuous, non-linear engineering optimization problems 
has been developed based on the recently introduced differential evolution (exploration) 
algorithm (Starn and Price, 1995). This investigation describes the techniques needed to 
handle boundary constraints as well as those needed to simultaneously deal with several 
non-linear and non-trivial constraint functions. 

Problem Formulation 

A mixed integer-discrete-continuous, non-linear programming problem can be expressed 
as follows: 

Minimize ~(X) (1) 

s.t. constraints 

s.t. boundary constraints 

where 



_x(cJ , )!iJ , and Ji.,{dJ denotes feasible subsets of continuous, integer, and discrete variables, 
respectively. 

3. Differential Evolution 

Differential evolution ( exploration) [DE] algorithm introduced by Starn and Price (1995) 
is a novel parallel direct search method, which utilizes NP parameter vectors as a 
population for each generation G. DE can be categorized into a class of floating-point 
encoded, evolutionary optimization algorithms. Currently, there are several variants of 
DE. The particular variant used throughout this investigation is the DE/rand/I/bin 
scheme. This scheme will be discussed here only briefly, since more detailed descriptions 
are provided (Price and Storn 1995). Since the DE algorithm was originally designed to 
work with continuous variables, the optimization of continuous problems is discussed 
first. Handling discrete variables are explained later. 

Generally, the function to be optimized, 3 , is of the form: 

3(X): R 0 • R (2) 

The optimization target is to minimize the value of this objective function 3(X), 

min(3(X)) (3) 

by optimizing the values of its parameters: 

(4) 

where X denotes a vector composed of D objective function parameters. Usually, the 
parameters of the ovective function are also subject to lower and upper boundary 
constraints, x(LJ and x( ~, respectively: 

(5) 

As with all evolutionary optimization algorithms, DE works with a population of 
solutions, not with a single solution for the optimization problem. Population P of 
generation G contains NP solution vector~ called individuals of the population and each 
vector represents potential solution for the optimization problem: 

p (G) = XiG) i = 1, ... ,NP; G = 1, ... ,Gmax (6) 

Additionally, each vector contains D parameters: 

X iG) = X)~) i = 1, ... , NP; j = 1, ... , D (7) 
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In order to establish a starting point for optimum seeking, the population must be 
initialized. Often there is no more knowledge available about the location of a global 
optimum than the boundaries of the problem variables. In this case, a natural way to 
initialize the population P (OJ (initial population) is to seed it with random values 
within the given boundary constraints: 

where rand 
1 

[O, 1] represents a uniformly distributed random value that ranges from zero 

to one. 

The self-referential population recombination scheme of DE is different from the other 
evolutionary algorithms. From the first generation onward, the population of the 
subsequent generation p(G+JJ is obtained on the basis of the current population p<GJ _ First a 
temporary or trial population of candidate vectors for the subsequent generation, 

p 1 CG+I) = vcc+ i) = v;~+I) , is generated as follows: 

{

x(G) + F • (x(G) -x(G) ) if rand .[O 1] < CR v;· = k 
J,r3 J,rl J,r2 J ' 

V(G+l) = 
} , I 

xi,~> if otherwise 

where i E [1, NP]; j E [1, D] 

rl, r2, r3 E [1, NP], randomly selected, except: rl * r2 * r3 * i 

k = (int(rand; [0,1] • D) + 1) 

CR E [0,1] , FE (0,1] 

(9) 

Three randomly chosen indexes, r 1, r 2, and r3 refer to three randomly chosen vectors of 
population. They are mutually different from each other and also different from the 
running index i. New random values for r 1, r2, and r3 are assigned for each value of 
index i (for each vector) . A new value for the random number rand[0,1] is assigned for 

( 

each value of index} (for each vector parameter). 

The index k refers to a randomly chosen vector parnmeter and it is used to ensure that at 

least one vector parameter of each individual trial vector v(c+i) differs from its 

counterpart in the previous generation x(q) . A new random integer value is assigned to k 

for each value of the index i (prior to construction of each trial vector). F and CR are DE 
control parameters. Both values remain constant during the search process. Both values 
as well as the third control parameter, NP (population size), remain constant during the 
search process. Fis a real-valued factor in range [0.0, 1.0] that controls the amplification 
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of differential variations. CR is a real-valued crossover factor in the range [0.0, 1.0] that 
controls the probability that a trial vector will be selected form the randomly chosen, 

mutated vector, v)t1
l instead of from the current vector, x;~l . Generally, both F and CR 

affect the convergence rate and robustness of the search process. Their optimal values are 
dependent both on objective function characteristics and on the population size, NP. 
Usually, suitable values for F, CR and NP can be found by experimentation after a few 
tests using different values. Practical advice on how to select control parameters NP , F 
and CR can be found in Storn and Price (1995 , 1996, 1997). 

The selection scheme of DE also differs from the other evolutionary algorithms. On the 
basis of the current population p(c ) and the temporary population P'(c+ i) , the 

population of the next generation p (c+ i) is created as follows: 

{

V; (G+ I) if 3 (V;(G+I)) ::,; 3 (X;(G) ) 

X (G+I) = 
I 

X ie) if otherwise 

(10) 

Thus, each individual of the temporary or trial population is compared with its 
counterpart in the current population. The one with the lower value of cost function 3 (A'.] 
to be minimized will propagate the population of the next generation. As a result, all the 
individuals of the next generation are as good or better than their counterparts in the 
current generation. The interesting point concerning the DE selection scheme is that a 
trial vector is only compared to one individual vector, not to all the individual vectors in 
the current population. 

3.1 Constraint Handling 

Boundary constraints 

It is important to notice that the recombination operation of DE is able to extend the 
search outside of the initialized range of the search space (Equations 8 and 9). It is also 
worthwhile to notice that sometimes this is a beneficial property in problems with no 
boundary constraints because it is possible to find the optimum that is located outside of 
the initialized range. However, in boundary constrained problems, it is essential to ensure 
that parameter values lie inside their allowed ranges after recombination. A simple way to 
guarantee this is to replace parameter values that violate boundary constraints with 
random values generated within the feasible range: 

{

/ L) +rand . [O 1] • (x(u ) - x(L)) if u <G+ I) < x (L)' v u<G+IJ > x(u ) 
J J ' J J J ,, J J ,, J 

U (G+ I ) = 
J ,1 

u i,~+i) if otherwise 

(11) 

where i E [1,NP] ; j E [l, D]. 

6 



This is the method that was used for this work. Another simple but less efficient method 
is to reproduce the boundary constraint violating values according to Equation 9 as many 
times as is necessary to satisfy the boundary constraints. Yet another simple method that 
allows bounds to be approached asymptotically while minimizing the amount of 
disruption that results from resetting out of bound values (Starn and Price, 1999) is: 

{

(x (G) +x(L))/2 if u (G+l) < x(L) 
J,I J J,1 J 

uCG+ JJ = (x (GJ + x(u)) I 2 zif u (G+ I ) > x(U) 
J,1 J,1 J J,1 J 

u CG+i) if otherwise 
J,1 

(12) 

Constraint functions 

Starn (1999), and Lampinen . and Zelinka (1999) elaborate soft-constraint (penalty) 
handling approaches for constraint functions. The constraint function introduces a 
distance measure from the feasible region, but is not used to reject unrealizable solutions, 
as it is in the case of hard-constraints. One possible soft-constraint approach is to 
formulate the cost-function as follows: 

111 

:s(X) = (::s(x)+ a)• TI c;b, 
i=l 

where c . ={1.0+s; •g;(X)if g;(X)> 0 
' 1 otherwise 

S; 2': 1 

b; 2': 1 

min(:s(X))+ a> 0 

(13) 

The constant, a, is used to ensure that only non-negative values will be assigned to 3 . 
When the value of a is set high enough, it does not otherwise affect the search process. 
The constant, s, is used for appropriate scaling of the constraint function value. The 
exponent, b, modifies the shape of the optimization surface. Generally, higher values of s 
and b are used when the range of the constraint function, g(X), is expected to be low. 
Often setting 
s = I and b = I works satisfactorily and only if one of the constraint functions, g/X), 
remains violated after the optimization run, it will be necessary to use higher values for S; 

or/and bi. 

In many real-world engineering opt1m1zation problems, the number of constraint 
functions is relatively high and the constraints are often non-trivial. It is possible that the 
feasible solutions are only a small subset of the search space. Feasible solutions may also 
be divided into separated islands around the search space. Furthermore, the user may 
easily define totally conflicting constraints so that no feasible solutions exist at all . For 
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example, if two or more constraints conflict, so that no feasible solution exists, DE is still 
able to find the nearest feasible solution. In the case of non-trivial constraints, the user is 
often able to judge which of the constraints are conflicting on the basis of the nearest 
feasible solution. It is then possible to reformulate the objective function in order to 
address these issues or reconsider the problem setting itself to resolve the conflict. 

Another benefit of the soft-constraint approach is that the search space remains 
continuous. Multiple hard constraints often split the search space into many separated 
islands of feasible solutions. This discontinuity introduces stalling points for some 
genetic searches and also raises· the possibility of new, locally optimal areas near the 
island borders. For these reasons a soft-constraint approach is considered essential. It 
should be mentioned that many traditional optimization methods are only able to handle 
hard-constraints. For evolutionary optimization, the soft-constraint approach was found 
to be a natural approach. 

3.2 Integer and Discrete Optimization by Differential Evolution Algorithm 

Several approaches have been used to deal with discrete variable optimization. Most of 
them round off the variable to the nearest available value before evaluating each trial 
vector. To keep the population robust, successful trial vectors must enter the population 
with all of the precision with which they were generated (Price and Storn, 1997). 

Conventional Technique 

In its canonical form, the differential evolution algorithm is only capable of handling 
continuous variables. Extending it for optimization of integer variables, however, is 
rather easy. Lampinen and Zelinka (1999) discuss how to modify DE for mixed variable 
optimization. They suggest that only a couple of simple modifications are required. First, 
integer values should be used to evaluate the objective function, even though DE itself 
may still work internally with continuous floating-point values. Thus, 

:::S(y; ), i E [1, DJ (14) 

{ 

X; for continuous functions 
where y -

; - JNT(x;) for discrete Junctions 

X; EX 

INTO is a function for converting a real value to an integer value by truncation. 
Truncation is performed here only for purposes of cost-function value evaluation. 
Truncated values are not elsewhere assigned. Thus, DE works with a population of 
continuous variables regardless of the corresponding object variable type. This is 
essential for maintaining the diversity of the population and the robustness of the 
algorithm. Second, in the case of integer variables, instead of Equation 8, the population 
should be initialized as follows: 
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Additionally, instead of Equation 11 , the boundary constraint handling integer variables 
should be performed as follows: 

{

xy-) + randi [O,l] • (x f l - xf l + 1) if INT( ur~+i>) < x?l v INT(u :_~+i>) > xf l 
(G+ J) -

u i.i -

u,'.~+I) if otherwise 

(16) 

where i E [l, NP]; j E [l, DJ . 

Discrete values can also be handled in a straightforward manner. Suppose that the subset 
of discrete variables, x_(d), contains l elements that can be assigned to variable x: 

(17) 

where x(d) < x(d) 
I 1+! 

Instead of the discrete value x; itself, we may assign its index, i , to x. Now the discrete 
variable can be handled as an integer variable that is boundary constrained to range 
1, . . . ,!. To evaluate the objective function, the discrete value, x; , is used instead of its 
index i. In other words, instead of optimizing the value of the discrete variable directly, 
we optimize the value of its index i. Only during evaluation is the indicated discrete value 
used. Once the discrete problem has been converted into an integer one, the previously 
described methods for handling integer variables can be applied (Equations 14-16). 

Forward Transformation and Backvvard Transformation Technique 
In this paper, we present a forward transformation method for transforming integer 
variables into continuous variables for the internal representation of vector values since in 
its canonical form, the DE algorithm is only capable of handling continuous variables. 
We also present a backward transformation rriethod for transforming a population of 
continuous variables obtained after mutation back into integer variables for evaluating the 
objective function. Both forward and backward transformations are utilized in 
implementing the DE algorithm used in l he present study for the flowshop scheduling 
problems. 

Forward Transformation 
In integer variable optimization a set of integer numbers is normally generated randomly 
as an initial solution. Let this set of integer numbers be represented as: 

Z; E Z 

The equivalent continuous variable for z; is given as 

lxl0 2 <5xl0 2 :s;l0 3 xl0 2 

(18) 

(19) 
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then 
z; * f * 5 

Z; =-l+--3 -
10 -1 

Applying a scaling factor,/= 100 gives 

z :* J*5 z: *500 
Z - =-1+ I =-1+ - '--

/ 103 -1 10 3 -1 

(20) 

(21) 

Equation (21) is used to transform any integer variable into an equivalent continuous 
variable, which is then used for the DE internal representation of the population of 
vectors. Without this transformation, it is not possible to make useful moves towards the 
global optimum in the solution space using the mutation mechanism of DE, which works 
better on continuous variables. Table 1 shows the equivalent variables ( z;) for integer 

variables (z; ) between 1 and 100, using equation (21). The equivalent continuous 

· variables ( z; ) are used in DE internal representation of the population vector parameters 

so that mutation and crossover operations are canied _out using these. 

Table 1: Equivalent variables ( z; ) for integer variables ( z; ) 

Z; Z; Z; Z; 

(1)--> -0.499499 (26)--> 12.013 
(2)--> 0.001001 (27)--> 12.5135 
(3)--> 0.501502 (28)--> 13 .014 
(4)--> 1.002 (29)--> 13.5145 
(5)--> 1.5025 · (30)--> 14.015 
(6)--> 2.003 (31)--> 14.5155 
(7)--> 2.5035 (32)--> 15 .016 
(8)--> 3.004 (33)--> 15 .5165 
(9)--> 3.5045 (34)--> 16.017 
(10)--> 4.005 (35)--> 16.5175 
(11)--> 4.50551 (36)--> 17.018 
(12)--> 5.00601 (37)--> 17.5185 
(13)--> 5.50651 (38)--> 18.019 
(14)--> 6.00701 (39)--> 18.5195 
(15)--> 6.50751 (40)--> 19.02 
(16)--> 7.00801 ( 41 )--:f> 19.5205 
(17)--> 7.50851 (42)--> 20.021 
(18)--> 8.00901 (43)--> 20.5215 .. 
(19)--> 8.50951 (44)--> 21.022 
(20)--> 9.01001 ( 45)--> 21.5225 
(21)--> 9.51051 (46)--> 22.023 
(22)--> 10.011 (47)--> 22.5235 
(23)--> 10.5115 ( 48)--> 23.024 
(24)--> 11.012 (49)--> 23 .5245 
(25)--> 11.5125 (50)--> 24.025 
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Table 1 contd. 

Z; Z; Z ; Z; 

(51)--> 24.5255 (76)--> 37.038 
(52)--> 25.026 (77)--> 37.5385 
(53)--> 25.5265 (78)--> 38 .039 
(54)--> 26.027 (79)--> 38.5395 
(55)--> 26.5275 (80)--> 39.04 
(56)--> 27.028 (81)--> 39.5405 
(57)--> 27.5285 (82)--> 40.041 
(58)--> 28.029 (83)--> 40.5415 
(59)--> 28 .5295 (84)--> 41.042 
(60)--> 29.03 (85)--> 41.5425 
(61)--> 29.5305 (86)--> 42.043 
(62)--> 30.031 (87)--> 42.5435 
(63)--> 30.5315 (88)--> 43 .044 
(64)--> 31.032 (89)--> 43.5445 
(65)--> 31.5325 (90)--> 44.045 
(66)--> 32.033 (91)--> 44.5455 
(67)--> 32.5335 (42)--> 45 .046 
(68)--> 33.034 (93)--> 45.5465 
(69)--> 33 .5345 (94)--> 46.047 
(70)--> 34.035 (95)--> 46.5475 
(71)--> 34.5355 (96)--> 47.048 
(72)--> 35..036 (97)--> 47.5485 
(73)--> 35.5365 (98)--> 48 .049 
(74)--> 36.037 (99)--> 48 .5495 
(75)--> 36.5375 (100)--> 49.05 

In the technique we present, no rounding-off or truncation is required since such a 
truncation method often gives less than optimal results because no attempt is made during 
optimization to evaluate only realizable systems (Price and Starn, 1999). 

Baclnvard Transformation 
Integer variables are used to evaluate the objective function. The DE self-referential 
population mutation scheme is quite unique. After the mutation of each vector, the trial 
vector is evaluated for its objective function in order to decide whether or not to retain it. 
This means that the objective function values of the current vectors in the population 
need to be also evaluated. These vector variables are continuous (from the forward 
transformation scheme) and have to be transformed into their integer number 
equivalence. It is not enough to round off these values for the class of problems we are 
solving. The backward transformation technique is used for converting floating point 
numbers to their integer number equivalence. The scheme is given as follows: 
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, (l+z;)*(103 -1) (l+z;)*(10 3 -1) 
z ----~-~----~-~ 
; - 5*.f - 500 

(22) 

In this present form the backward transformation function is not able to properly 
discriminate between variables. Some modifications are required as follows: 

a = int(z; + 0.5) 

/J=a-z; 

2
• = {(a -1) if /3 > 0.5 

I a if /3 < 0.5 

(23) 

(24) 

(25) 

Equation (25) gives z;, which is the transformed value used for computing the objective 

function. 

As an example, we consider a set of trial vector, z; = {-0.33, -0.1 7, 0.67, 0.84, 1.5} 

obtained after mutation. The integer values corresponding to the trial vector values are 
obtained using equation (25) as follows: 

z; =(l-0.33)*(103 -1)/500=1.33866 

z~ = (1+0.67)*(10 3 -1) / 500 = 3.3367 

z~ = (1-0.17) * (10 3 -1)/ 500 = 1.65834 

z~ =(1+1.50) *(103 -1)/500=4.9950 

z~ =(1+0.84) *(103 -1)/500=3.6763 

a 1 = int(l .333866 + 0.5) = 2 

/J1 = 2-1.33866 = 0.66134 > 0.5 

z; =2-1=1 

a 2 = int(3 .3367 + 0.5) = 4 

/J2 = 4-3 .3367 = 0.6633 > 0.5 

z; =4-1=3 
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a3 = int(l.65834 + 0.5) = 2 

/33 = 2 -1.65834 = 0.34166 < 0.5 

a4 = int( 4.995 + 0.5) = 5 

/34 = 5 -4.995 = 0.005 < 0.5 

a 5 = int(3.673 + 0.5) = 4 

/35 = 4-3.673 = 0.3237 < 0.5 

The set of integer values is given as z; = {I, 3, 2, 5, 4}. This set is used to obtain the 

objective function values. 

DE Strategies 

Price and Storn (1999) have given pseudo-codes for some of the suggested ten different 
working strategies of DE and some guidelines in applying these strategies for any given 
problem. Different strategies can be adopted in the DE algorithm depending upon the 
type of problem for which it is applied. The strategies can vary based on the vector to be 
perturbed, the number of difference vectors considered for perturbation, and finally the 
type of crossover used. The following are the ten different working strategies that are 
currently in use by most researchers: 

(1) DE/best/1/exp 
(2) DE/rand/I /exp 
(3) DE/rand-to-best/I/exp 
(4) DE/best/2/exp 
(5) DE/rand/2/exp 
(6) DE/best/I /bin 
(7) DE/rand/I /bin 
(8) DE/rand-to-best/ I/bin 
(9) DE/best/2/bin 
(10) DE/rand/2/bin 
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Strategy 1: DE/best/I/exp: v = x<G) + F • (x <G) - x <G) ) 
best r2 r3 

Strate 0 y 2: DE/rand/I /exp: v = x<G) + F • (x <G) - x<G)) 
to rl r2 r3 

Strategy 3: DE/rand-to-best/I /exp: v = x<G) + ,l • (x <G) - x<G) )+ F • (x <G) - x<GJ) 
r best , rl r2 

Strategy 4: DE/best/2/exp: v = x<GJ + F • (x <0J + x<0J - x<?l - x<G) ) 
bes/ r l r2 n r4 

Strate0 y S· DE/rand/2/exp· v = x <<?l + F • (x<G) + x<G) - x<G) - x<G) ) 
to · • n rl r 2 r3 r4 

Strategy 6· DE/best/1/bin· v = x<G) + F • (x <GJ - x<GJ) 
• · bes/ r2 r3 

Strategy 7: DE/rand/1/bin: v = x;~) + F • (x,~~) - x;~) ) 

Strategy 8· DE/rand-to-best/1 /bin· v = x<G) +A• (x <G) - x <G) )+ F • (x <G) - x<G)) 
• · , best r rl r2 

Strate 0 y 9: DE/best/2/bin: v = x <G) + F • (x<0J + x <G) - x<G) - x<GJ) 
to best rl r2 r3 r4 

Strate 0 y 10: DE/rand/2/bin: v = x<G) + F • (x <G) + x <G) - x<GJ - x<0J) 
o rS r l r2 r3 r4 

The general convention used above is as follows: DE/x/y/z. The variable, x represents a 
string denoting the vector to be perturbed, y is the number of difference vectors 
considered for perturbation of x, and z is the type of crossover being used ( exp: 
exponential; bin: binomial). Thus, the working algorithm outlined by Price and Starn 
(1997) is the seventh strategy of DE, that is, DE/rand/1/bin. Hence the perturbation can 
be either in the best vector of the previous generation or in any randomly chosen vector. 
Similarly for perturbation, either single or two vector differences can be used. For 
perturbation with a single vector difference, out of the three distinct randomly chosen 
vectors, the weighted vector differential of any two vectors is added to the third one. 
Similarly for perturbation with two vector differences, five distinct vectors other than the 
target vector are chosen randomly from the cmTent population. Out of these, the weighted 
vector difference of each pair of any four vectors is added to the fifth one for 
perturbation. 

In exponential crossover, the crossover is performed on the D (the dimension or number 
of variables to be optimized) variables in one loop until it is within the CR bound. For 
discrete optimization problems, the first time a randomly picked number between O and 1 
goes beyond the CR value, no crossover is performed and the remaining D variables are 
left intact. In binomial crossover, the crossover is performed on each the D variables 
whenever a randomly picked number between O and 1 is within the CR value. Hence, the 
exponential and binomial crossovers yield similar results. 
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The various ingredients of DE discussed so far are put together into a pseudo-code. 

Pseudo-code of the DE Algorithm 

The pseudo-code of the DE algorithm used in the present study is shown below: 

• Initialize the values of D, NP, CR, F, A and maximum number of generations Gmax· 
• Initialize all the vectors of the population randomly between a given lower bound (L), 

and upper bound (U) 

for i =l to NP 
for j = 1 to D 

(bi,o )j = (L) + rand[0, l]•( (U)- (L)) /* for i forj .. end*/ 
• Forward transformation: convert buffer discrete variables to floating point variables 

(Xio ) ~(b;o) 
' J ' J 

• Evaluate the cost of each buffer vector. Cost here 1s the value of the objective 
function to be minimized. 
for i = 1 to NP 

3i = (n ! ml F[[F(I Ci , cmax )) IX;_o 

• Find out the vector with lowest cost i.e. , the best vector so far 
3 . = 3 and best = 1 mm l 

for i = 2 to NP 

if ( 3 i < 3 min ) 

then 3min = 3; and best= i 

• While the cun-ent generation is less than the maximum number of generations 
perform recombination, mutation, recombination and evaluation of the objective 
function. 
while (G < Gmax) do 

{ 
for i =1 to NP 

{ 
• Select two distinct vectors randomly from the population other than the vector 

X(G) 
I 

do r 1 = rand[0, l]•NP while(r1 = i) 
do r2 = rand[0, l]•NP while( (r2 = i/ OR (r2 = r1)) 

• Perform D binomial trials, change at least one parameter of the trial vector 

ufl and perform mutation. • 

j = rand[0, l]•D 
for n = 1 to D 
{ 

if( (rand[0, 1] < CR) OR (n = (D-1))) 
then (u <GJ) . = (x<0l). + ;J, • 1(x <0 J). - (x<0l) . )+ F • l,(x<0 l). - (x <GJ ).) 

, J , J \ best J , J \ rl J r 2 J 

15 



else (u iCGl t = (xiGJ t 
J= (n+l)0 

} /* n = 1 to D ends * / 
• Backward transformation: conve11 floating point trial vector variables (u CG) t to 

discrete vector variables 

• Evaluate the cost of the trial vector. 

.:3 ,,.;al = (n I m I FIIF(I Ci, cmax )) I 11/G> 

• If the cost of the trial vector is less than the parent vector then select the trial vector to 
the next generation. 
'f ("'"' < c--, ) 1 :J trial - ~ i 

{ 

.:} i = 3 trial 

if ( 3 trial < .:} min ) 

.:Jmin = 3 ,,.ial and best = i 
} /* if ends * / 
} /* for i = 1 to NP ends * / 

• Copy the new vectors ur) to xiG) and increment G 

G=G + l 
• Check for convergence and stop if converged 

} /* while G ... ends */ 
Print the results. 

Experimentation 

The differential evolution algorithm was written in C++ and runs on a PC with a 
Pentium, 65MB, 733MHz processor. The flowshop scheduling-problem was solved using 
flowtime, makespan, and tardiness as objective functions . The two sets of problem-types, 
which were used for experimentation include randomly generated and published data 
sets. 

Parameter Setting 

The values of NP, CR, A and F are fixed ~mpirically following certain heuristics (Price 
and Storn, 1997). (1) F and A are usually equal and are between 0.5 and 1.0. (2) CR 
usually should be 0.3 , 0. 7, 0.9 or 1.0 to start with. (3} NP should be of the order of 1 0*D 
and should be increased in case of mis-convergence, and ( 4) if NP is increased then 
usually F has to be decreased. In the present study, the values of NP =150, F = 0.3 , and 
CR= 0.9 were used after experimentation. The best strategy is strategy 7, while strategies 
5 and 6 are found to compete with each another and closely follow strategy 7. The 
maximum number of iterations was kept as 50; however, in all the runs the algorithm 
converged within 30 generations. Figure 1 shows the convergence of a 10-machine, 15-
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job problem solved using the DE algorithm. It can be seen that the DE search procedure 
converges to the minimum objective function just before 30 generations. 

Convergence of DE 

220 

C: 
res 215 a. 
"' Q) 
~ 
res 210 

:E 

205 
~ COll)N C"> <OM 0 

~NN MV ll) 

Generation Number 

Figure 1: Convergence of DE 

6. Conclusions 

--+-10x25 
Problem 

The described method is relatively simple, easy to implement and easy to use. It is, 
however, capable of optimizing all integer, discrete and continuous variables and capable 
of handling non-linear objective functions with multiple non-trivial constraints. A soft
constraint (penalty) approach is applied for handling of constraint functions. Some 
optimization methods require a feasible initial solution as a starting point for a search. 
Preferably, this solution should be rather close to a global optimum to ensure 
convergence to it instead of a local optimum. If non-trivial constraints are imposed, it 
may be difficult or impossible to provide a feasible initial solution. The efficiency, 
effectiveness and robustness of many methods are often highly dependent on the quality 
of the stai1ing point. The combination of DE with the soft-constraint approach does not 
require any initial solution, but it can still take advantage of a high quality initial solution 
if one is available. For example, this initial solution can be used for initialization of the 
population in order to establish an initial population that is biased towards the feasible 
region of the search space. The described approach was targeted to fill the gap in the field 
of mixed discrete-integer-continuous optimization, where no really satisfactory methods 

. appeared to be available. Although in itf infancy, the described approach has great 
potential to become a widely used multipurpose optimization tool for solving a broad 
range of practical engineering problems. 

Another article will demonstrate, with the scheduling problem example, that the 
described approach is at least fairly successful. 
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